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We consider the flow of an anomalously viscous film along the surface of a curvilinear attachmenr The 

deformation behavior of the liquid is described by an exponential relation. 

Centrifugal apparatuses that employ the film flow of liquids are widely used for carrying out hydrodynamic  

and heat and mass transfer processes: dispersion for depositing protective coatings, drying and cooling by spraying, 

granulation, molecular distillation, mixing in a liquid medium, rectification, absorption, heating, vaporization, etc., 

as well as for conducting chemical reactions [1-.5 ]. Basic to these apparatuses is a rotor consisting of a shaft with 

at lachments  in the form of a flat disk, cone, sphere or other curvilinear body, cylindrical tube, or their combinations. 

A comprehensive functional analysis of rotor designs for centrifugal apparatuses and at tachments is made in [6 ]. 

Treated  in centrifugal apparatuses  are materials characterized by various rheological properties. The 

hydrodynamics  of film flow in a centrifugal field has been studied predominantly for viscous fluids. The flow of an 

anomalously viscous fluid, just as of a viscous fluid, has been investigated for a flat disk and a cone [6-8 ]. Different 

rheological models have been used, namely, power law [7], Williamson's mode[ 18 I, and ordinary and modified 

Cross 's  models [61. 
Anomalously viscous fluids treated in centrifugal apparatuses are usually characterized by high wflues of 

viscosity; therefore, no wave formation has been discovered in them. Possible ruptures of the fluid film and 

conditions for attaining the minimum wetting density were considered in [9[. 

We examine a s teady-sta te  isothermal anomalously viscous fluid flowing in the form of a thin continuous 

laminar film twithoul wave formation) along a rotating curvilinear attachment.  

The  fol lowing a s s u m p t i o n s  are  adop ted :  iner t ia  forces are  small ;  velocity c o m p o n e n t s  re la te  as 

v I - v 2 >> v3; the coordinate system ql, q2, q3 is orthogonal curvitinear and rotates together with the surface; the 

flow geometry is such thal ql, q2 >> q3; the flow is axisymmetric,  i.e., O/Oq 2 = 0; the physical parameters change 

along q3 much more rapidly than along ql and q2; the at tachment has the form of a surface of second-order  of 

rotation; the theological equation of state can be represented in the form of an exponential relation ("power law"). 

The deviator part of the stress tensor is of the form 

Dp ,./+of De , 

while the magnitude of the generalized effective viscosity is 

!~cf = KEn-I . 

Then, from the general differential equations of motion in an orthogonal cup,,ilinear coordinate system I lOI we 

oblain 
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Fig. 1. D iagram of fluid flow. 
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PH 3 Oq 3 P pH233 H I Oq 3 0q 3 

(3) 

Here  

Mi = S (H , ,Iv , OH 02v v) 
Oq Oq Oq 2 ' " 

Suppose  the cu rv i l inea r  a l l a c h m e n l  has the form shown in Fig. 1. We select  a coo rd ina t e  s y s t e m  such thai  lhe 

b o u n d a r i e s  of the  a l t a c h m e n l  a r e  a m o n g  the  c o o r d i n a t e  su r f aces .  T h u s ,  we a d o p t  the  fo l l owing  s y s t e m  of 

coord ina les :  ql = l; q2 = 90; q3 = c3. L a m e ' s  coeff ic ients  a re  de f ined  as H l = 1; H r, = r; H a = 1. T h e  shape  of lhe 

a i t a c h m e n l  is cha r ac t e r i z ed  by the quant i t ies  sin a and  cos cr, which a re  equal  to: 

sin a -  d t -  1 1 + ~ , cos a -  dl - d r  1 + O-r (4) 

T h e  init ial  sys t em of equa t ions  has the form 

I Op K 0 [ 

- - - -  , : T ]  = O, 
(5) 

s:7 + ,D- i:~ E''-~ = o ,  (0) 

Here  

K =  + 

IOp 
& - ~ ~ = o 

I : 2  I 

(7) 
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F I =  ( co2 r -  2oovc,)s ina, .F~,  = 2uav l s i n c z ,  F 6 = - ( w 2 r -  2o jvc , )cosa .  (8) 

The boundary  conditions are 

Ov l Ov 
6 = 6 0  P = P o ,  0--~ - = 0 ,  ' 0 ~  = 0 ;  6 = 0  V l = O ,  v / , = 0 .  (9) 

Solution of Eq. (7) under  boundary  conditions (9) permits us to determine the order  of Op/a l .  When a < 7 5 - 8 0  {} , 

the ratio of (1/p)(Op/Ol)  to the other  terms has the form c)o/ l ,  therefore,  it can be neglected. 

Direct integration of (5) and (6) involves mathematical  difficulties. Because of this, we apply approximate  

methods of solution. 
Method of Averaging of Body Forces. This method is based on averaging of the body forces over the 

thickness of the film layer: 

6 0 
1 

Fic = ~0 f FA6, 
o 

Integration of Eqs. (5) and (6) under boundary conditions (9) with allowance for E yields: 

( - -m + m) {~--6- = E lm  (C)O -- /) ) l / n , (IO) 

(K)  ] /n  n- I  Ov 

Solution of Eqs. (10) and (11) permits us to find dependences for the velocity profile: 

where 

{11) 

l + n  

vl _T_= I -  1 -  
vt o - % ~o  ' 

l + n  n - I  
' " '  ) 

v," 0 = F i m A I  ; A0 = ~ c~on ( m + m) 2n 

Now, we average V l and 1/~, over the layer thickness and obtain 

= ( , , +  1_ / n + l  / 
V/m ~2,'1 + 1] Vlo' l"sa m = 2 n + - - f )  vso 0 �9 

Using the flow measurement  equation 

(,2 = ~s 

and introducing dimensionless  velocities in the form 

we obtain from Eq. (12): 

= 4v ,  m & o r ,  

n+l 
I _2 I 2]4n+2 

= AI 1 - (1 - v/m} J ~[ Ill 

(13) 

(14) 
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Fig. 2. Func t ion  Vm/V m in = f ( ( r -  r i n ) / ( R -  rin ) for a 1.0% aqueous  K M T s -  

"300 so lu t ion  (K = 0.06 P a . s e c  n, n = 0.80):  a) Vlm/Vlm in; b) v~ m/Vr in; 1, 

Q = 2 . 1 0  -5  [ m 3 / s e c l ,  w = 130 [sec -~ 1, a = 90~ 2, Q = 3" 10 - 5  [m / s e e  I, 

co --- 260 [sec - l  ], a = 90~ 3, Q = 2 .5-10  -`5 [m3 / sec  I, co = 240 [sec -11,  a = 

600 . 

Fig. 3. Func t ion  Vm/V m in = f ( ( r  -- r i n ) / (R  - r in))  for a 2 .0% aqueous  PAA 

solu t ion  (K = 4.2 P a . s e c  n, n = 0.52):  a) Vlm/Vlmin;  b) V,pm/Vq, min; 1, Q = 

2 . 1 0  - 5  [ m a / s e c l ,  co = 420 [sec - l  ], a = 90~ 2, Q = 4.8" 10 - s  [m3 / sec  l, ~o = 

315 [sec -1 ], a = 9 0 ~  3, Q =  8 " I 0  - 6  [m3 / sec  ], co = 131 [sec - I  1, a = 6 0 ~  4, 

Q = 1 .5 .10  - 5  [ m 3 / s e c ] ,  co = 210 [sec -1 l, a = 60 ~ . 

where  

~ , m  = [ 1 -  ( 1 -  "~12rn)l'/2 ] , (15) 

1 
2 +  

AI = n s i n  a 
2 n -  1 3n+ l 

co r 

D e p e n d e n c e s  (14),  (15),  and  (13) al low d e t e r m i n a t i o n  of the basic  h y d r o d y n a m i c  p a r a m e t e r s  of the  film of the 

fluid f lowing a long  the sur face  of the ro ta t ing  a t t a c h m e n t  ( ro tor) .  

M e t h o d  of In tegra l  Rela t ions .  As is known,  the  m e t h o d  is based  on the r e p l a c e m e n t  of equa t ions  by 

c o r r e s p o n d i n g  in tegra l  re la t ions .  

Let the profi le  of v l and  vr have the form desc r ibed  by Eq. (12).  The  s ame  profi le  was o b t a i n e d  in 10 I 

for v I for a o n e - d i m e n s i o n a l  f luid flow. 

For  the K a r m a n  case  ( the genera l  case  be longs  to Golubev)  the fol lowing equa t ions  were  o b t a i n e d :  

eo2r sin a fo dO - 2w sin a f0 vmd0 + P-0 ~ E/'-I -~)~J dO = O, 16) 

2co sin a fo vld0 + ~- f {TS- Es ' -  ,-}v ] 

Equations (16) and (17) with allowance for Eq, (13), after the introduction of dimensionless relations, yield 

(17) 
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n+l 

 m"'21 2 vlm 1 - (1 - 7  l = A2, 
(~8) 

Here 

~r [I -- (I - - ~ 2  ) I / 2 ] I m  (19) 

5n+l 

A2 = n s i n  a rt n +  I 
2n-I  3n+l -- - -  A . 

co r 2 n + l  

The basic parameters of the process are determined from relations (18), (19), and (13). 

We easily recognize that Eqs. (14) and (18) are identical, and that Eqs. (15) and (19) coincide. When 

0 < 7 l m < 0.2 , the lag can be ignored. Thus, the approximate solutions based on averaging of the body forces over 

the layer thickness and on the application of integral relations (the Karman case) give identical results. 

To check the dependences obtained, we carried out experiments. The test setup and the experimental 

procedure are described in [ 11 ]. 

Figures 2 and 3 present some characteristic experimental data on velocities. The theoretical curves are 

plotted with allowance for the lag velocity. As we can see from the figures, the magnitudes of both the meridional 

and tangential velocities decrease with an increase in the radius of the attachment (the tangential velocity decreases 

more intensity, especially at small radii). 

The results obtained show the sufficient accuracy of the methods proposed for determining the basic flow 

parameters. 

N O T A T I O N  

Dp, D e deviator of the stress tensor and strain rate; E, intensity of shear rate; K and n, rheological 

constants of fluid; & (i = 1, 2, 3) projections of unit body forces onto corresponding axes; p and P0, current and 

surface (atmospheric) pressure; r, distance from surface to rotation axis; 60, film thickness; p, density; co, angular 

velocity, of attachment. 
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